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Abstract
The paper deals with the numerical solution of the quasi-variational inequality describing the equilibrium of an elastic
body in contact with a rigid foundation under Coulomb friction. After a discretization of the problem by mixed #nite
elements, the duality approach is exploited to reduce the problem to a sequence of quadratic programming problems with
box constraints, so that e7cient recently proposed algorithms may be applied. A new variant of this method is presented. It
combines #xed point with block Gauss–Seidel iterations. The method may be also considered as a new implementation of
#xed point iterations for a sequence of problems with given friction. Results of numerical experiments are given showing
that the resulting algorithm may be much faster than the original #xed point method and its e7ciency is comparable with
the solution of frictionless contact problems. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Duality based methods turned out to be e7cient tools for the solution of frictionless contact
problems of elasticity, including 3D semi-coercive problems [3,4]. The reasons are that these meth-
ods transform the problem to quadratic programming problems in terms of contact stresses with a
relatively small dimension, a well conditioned Hessian matrix and a special structure that may be
exploited very e7ciently by some recently proposed algorithms [7,2].
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At the same time, it is well known that contact problems with Coulomb friction may be solved
by the #xed point iterations de#ned by problems with “given friction” [14,15]. Combining the basic
idea with the algorithms mentioned above and various discretizations, it is possible to get eKective
algorithms [5,10]. However, experiments have shown that the direct application of the basic idea
required much more eKort for solving contact problems with friction as compared with problems
without friction. The explanation is that the normal and tangential stresses are coupled in the auxiliary
quadratic programming problems (QPP) with given friction, so that these QPP problems have not
only a greater dimension, but also the spectrum of their Hessian matrices is distributed much less
favorably.
In this paper, we show that the performance of duality based algorithms may be considerably
improved if we split the normal and tangential stresses combining the #xed point with the block
Gauss–Seidel iterations. Results of numerical experiments are given showing that the resulting al-
gorithm may be much faster than the original #xed point method [5] and its e7ciency is even
comparable with the solution of frictionless contact problems.
2. Equilibrium of a body on a rigid support
Let us consider an elastic body represented by a bounded domain  ⊂ R2 with a Lipschitz
boundary @ split into three non-empty disjoint parts u; P; c so that @ = Ou ∪ OP ∪ Oc. The
zero displacements are prescribed on u, surface tractions P∈(L2(P))2 act on P, and c denotes
a contact part of the boundary where unilateral contact and Coulomb friction conditions between 
and a perfectly rigid foundation are considered. We suppose that a positive coe7cient 
 of Coulomb
friction is given and that the body is subject to body forces F ∈ (L2())2. We introduce the space
of virtual displacements
V= {v ∈ (H 1())2 | v= 0 on u}
and its convex subset of kinematically admissible displacements
K= {v ∈V | v ≡ v · 6 d on c}:
Here, d ∈ C( Oc); d ¿ 0 is an initial gap between the body and the rigid foundation and  ∈
(L∞(c))2 denotes the outer unit normal vector to @.
Let us #rst assume that the normal force on c is known so that one can evaluate the non-negative
slip bound g∈L∞(c) as a product of the friction coe7cient 
 and the normal stress. The primal
variational formulation of the contact problem with given friction reads as follows:
(P)p
{
Find u ∈K such that
J (u) = min
v∈K
J (v):
The minimized functional representing the total potential energy of the body has the form
J (v) = 12a(v; v)− L(v) + j(v);
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where:
• the bilinear form
a(v; w) =
∫

(v) :C : (w) dx
contains the fourth order symmetric positive de#nite tensor C representing the Hook’s law and
the linearized strain tensor (v) = 12(v+
v);
• the linear functional L is given by
L(v) =
∫

F · v dx +
∫
c
P · v ds;
• the sublinear functional j is de#ned by
j(v) =
∫
c
g|v| ds;
where v ≡ v ·  and  ∈ (L∞(c))2 denotes the unit tangential vector to @.
More details about the formulation of contact problems may be found in [15,14,1]. Though the
problem (P)p is non-diKerentiable due to the sublinear term j, it is well-known to have the unique
solution [6].
The Lagrangian L :V× 1 × 2 → R of the problem (P)p is de#ned by
L(v; 1; 2) =
1
2
a(v; v)− L(v) + 〈1; v − d〉+
∫
c
2v ds;
where 1 = {1 ∈ H−1=2(c) |1 ¿ 0}; 2 = {2 ∈ L∞(c) | |2 | 6 g on c}.
The space H−1=2(c) is the dual of
H 1=2(c) = { ∈ L2(c) | ∃v ∈Vsuch that = v on c}
and the ordering 1 ¿ 0 means that
〈1; v − d〉6 0; ∀v ∈K;
where 〈 ; 〉 denotes the duality pairing between H−1=2(c) and H 1=2(c). Since L2(c) is dense in
H−1=2(c), the duality pairing 〈 ; 〉 is represented by the scalar product in L2(c).
The Lagrange multipliers 1; 2 are considered as functionals on the contact part of the bound-
ary. While the #rst one accounts for the non-penetration condition, the second one removes the
non-diKerentiability of the sublinear functional as
j(v) = sup
2∈2
∫
c
2v ds; v ∈V:
Thus
inf
v∈K
J (v) = inf
v∈V
sup
1∈1 ;2∈2
L(v; 1; 2):
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By the mixed variational formulation of (P)p we mean a problem of #nding a saddle-point (w; 1; 2) ∈
V× 1 × 2
L(w; 1; 2)6L(w; 1; 2)6L(v; 1; 2); ∀(v; 1; 2) ∈V× 1 × 2;
or, equivalently,
(P)m


Find (w; 1; 2) ∈V× 1 × 2 such that
a(w; v) = L(v)− 〈1; v〉 −
∫
c
2v ds; ∀v ∈V;
〈1 − 1; w − d〉+
∫
c
(2 − 2)w ds¿ 0; ∀(1; 2) ∈ 1 × 2:
It is well-known that (P)m has a unique solution and its #rst component w = u ∈K solves (P)p.
The Lagrange multipliers 1 and 2 represent the normal and tangential contact stresses on the
contact part of the boundary, respectively. Let us point out that the solution of (P)m depends on the
particular choice of g, i.e. w ≡ w(g); 1 ≡ 1(g) and 2 ≡ 2(g). The approximation of the contact
problem with given friction will be based on the discretization of the primal or mixed variational
formulation.
Let us now return to the contact problem with Coulomb friction, recalling the formula
g ≡ 
1; (1)
for the slip bound on the contact boundary c, where 1 ≡ 1(g) is the normal stress on c and

 is the coe7cient of friction. Unfortunately the problem cannot be written as a convex quadratic
programming problem because g is an a priori information in (P)m while 1 is an a posteriori one.
Therefore we shall consider the mapping !: 1 → 1; !: g → 1 ≡ 1(g) de#ned by the second
component of the solution to the contact problem with given friction (P)m. The solution of the
contact problem with Coulomb friction will be de#ned as a #xed point of this mapping in 1.
Results concerning the existence of #xed points for su7ciently small friction coe7cients may be
found in [14,16]. Therefore the method of successive approximations is suitable for its realization.
(FPM)
{
Initialize g(0) ∈ 1;
g(i+1) =!(g(i)); i = 0; 1; 2; : : :
Let us point out that ! is not contractive so that the convergence of the previous algorithm in
continuous setting of the problem is not guaranteed. The situation is diKerent for the discretized
problem. In the following section, we shall consider two implementations of this basic method.
3. Discretization of a problem with given friction
In the rest of the paper, we suppose that  is a polygonal domain with a regular triangulation
Th that is consistent with the decomposition of @ into u; P and c. On Th we consider the
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classical piecewise linear basis functions {j} de#ning the #nite element subspace Vh ⊂ V with
dimVh = n; n ≡ n(h), where the symbol h stands for the norm. We denote by m the number of
contact nodes, i.e. the nodes on Oc \ Ou. On c we construct a regular partition TH with the norm
denoted by H independent of the triangulation Th. On TH we shall consider the space H of
piecewise constant functions with dimH = p; p ≡ p(H). Finally, we de#ne i;H = i ∩ H for
i = 1; 2.
3.1. Discretization of the primal variational formulation
If we replace V by Vh in (P)p, we obtain the following algebraic problem:
(P)hp


Find u ∈Kh such that
J(u) = min
v∈Kh
J(v);
where J(v)= 12v
Kv−vf+g|Tv| and Kh={v ∈ Rn |Nv6 d}. Here, we suppose that K ∈ Rn×n
is the positive de#nite stiKness matrix, f ∈ Rn is the vector of the nodal forces, g ∈ Rm contains the
nodal slip bounds for the contact nodes, the rows of N;T ∈ Rm×n are determined by the normal and
tangential vectors in the contact nodes, respectively, and d ∈ Rm is the vector of distances between
the contact nodes and the rigid foundation. The absolute value “| · |” is understood componentwise.
For details see [14,20].
Notice that problem (P)hp is non-diKerentiable because of the last term of the minimized function.
We shall use the duality technique to transform the problem to the smooth one as in the previous
section. To this end, let us de#ne the Lagrangian of (P)hp by
L(v; \1; \2) =
1
2
vKv − fv + \2 Tv + \1 (Nv − d);
where \1 ∈ #1; \2 ∈ #2 are the Lagrange multipliers and
#1 = {\1 ∈ Rp |\1 ¿ 0}; #2 = {\2 ∈ Rp | |\2|6 g}
with p= m. It is easy to verify that
min
v∈Kh
J(v) = min
v∈Rn
max
\1∈#1 ; \2∈#2
L(v; \1; \2):
We can replace (P)hp by the respective algebraic mixed formulation:

Find (u; 1; 2) ∈ Rn × #1 × #2 such that
Ku = f −N1 − T2;
(Nu − d)(1 − \1) + uT(2 − \2)¿ 0; ∀(\1; \2) ∈ #1 × #2:
(2)
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After evaluating u from the equation in (2) and its substitution into the inequality in (2), we obtain
the algebraic dual formulation.{
min 12
Q − h
s:t: 1 ¿ 0; |2|6 g;  = (1 ; 2 );
(3)
where
Q=
(
NK−1N NK−1T
TK−1N TK−1T
)
; h =
(
NK−1f − d
TK−1f
)
:
Now the unknowns are the Lagrange multipliers and (3) is the quadratic programming problem
with the box constraints that can be solved by the e7cient algorithm with proportioning and
projections [2].
3.2. Discretization of the mixed variational formulation
If we replace in problem (P)m the space V by Vh and, at the same time, i by i;H , i = 1; 2,
we obtain the following algebraic mixed formulation:
(P)h;Hm


Find (u; 1; 2) ∈ Rn × #1 × #2 such that
Ku = f −NB1 − TB2;
(Nu − d)B(1 − \1) + uTB(2 − \2)¿ 0; ∀(\1; \2) ∈ #1 × #2:
The entries of the matrix B= (bij) ∈ Rp×m are determined by
bij =
∫
c
j i ds;
where { i} are basis functions of H and {j} are the restrictions of the basis functions of Vh
on c such that suppj ∩ c = ∅. Recall that p is the number of the segments in TH . The other
symbols in (P)h;Hm have the same meaning as in the previous section. Notice that problems (2) and
(P)h;Hm have the same structure so that we can obtain the similar algebraic dual formulation as in
(3). We only have to replace the entries N; T and d in (3) by BN; BT and Bd, respectively.
The discretization based on the dual formulation may be used to reduce the dimension of the
resulting algebraic problem and to improve conditioning of the Hessian. This happens if H=h¿ 1, i.e.
if the partition TH of c used for the de#nition of H is coarser than the partition Th restricted to
c. The coarser discretization TH of c is related to the satisfaction of the Ladyzhenskaja–Babu>ska–
Brezzi condition (see [13]) that guarantees the existence and the uniqueness of the solution to (P)h;Hm .
For our particular choice of the spaces, this condition is satis#ed if the ratio H=h is su7ciently large
(see [12]). On the other hand, the ratio H=h should not be too large in order to preserve the
approximation properties of the spaces of the Lagrange multipliers i;H and to avoid violation of
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the non-penetration condition that is satis#ed in a weak sense only. The numerical experiments with
diKerent ratios H=h in [10] indicate that the discretization based on the dual formulation may reduce
the computational costs without increasing the approximation error.
4. Discretization of problems with Coulomb friction
The algebraic form of the method of successive approximations is based on the solution of the
quadratic programing problem (3) at every iteration, whose algebraic form reads as follows:
Algorithm FPMI:
Initialize (0)1 := g
(0); i := 0
repeat
i := i + 1

(i) = arg min { 12Q − h}
s: t: 1 ¿ 0; |2|6 -(i−1)1
until ‖(i) − (i−1)‖6 tol
The convergence results for this algorithm with a su7ciently small coe7cient of friction 
 are
established in [9]. The e7cient implementation and numerical experiments may be found in [5].
A closer look at the results in [5] indicate that the matrix Q is not favorably conditioned. On
the other hand, its diagonal blocks corresponding to the normal and tangential stresses are closely
related to the dual Schur complement whose spectrum is known to be favorably distributed for
the application of the conjugate gradient method [17]. To describe how to exploit this fact, let us
introduce a new notation for the natural block structure of the dual Hessian Q by
Q=
(
Q11 Q12
Q21 Q22
)
; h =
(
h1
h2
)
:
Exploiting this partition of Q, we can consider the following modi#cation of the previous algorithms:
Algorithm FPMII:
Initialize (0)1 := g
(0); i := 0
repeat
i := i + 1

(i)2 = arg min{ 122 Q222 − 2 (h2 −Q21(i−1)1 )}
s: t: |2|6 -(i−1)1
252 Z. Dost4al et al. / Journal of Computational and Applied Mathematics 140 (2002) 245–256
{
(i)1 = arg min{ 121 Q111 − 1 (h1 −Q12(i)2 )}
s: t: 1 ¿ 0
until ‖(i) − (i−1)‖6 tol
This algorithm combines the successive approximations with the constrained block Gauss–Seidel
method. One iteration of FPMII requires the realization of two QPP of the half size compared with
FPMI with much more favourably distributed spectrum for the application of the conjugate gradient
method. It is also important to observe that both quadratic programming problems still have simple
constraints so that the e7cient algorithm [2] may be used. This algorithm uses the conjugate gradient
method and projections to explore the face of the region de#ned by the current iterate until the norm
of violation of the Karush–Kuhn–Tucker conditions at the active variables exceeds a #xed multiple
of the norm of the part of the gradient that corresponds to the free variables. It then leaves the face
in the direction of the negative projected gradient. The theory covers a class of algorithms allowing
many constraints to be added or dropped at a time and accepting approximate solutions of auxiliary
problems. In particular, the algorithm can identify very e7ciently the contact interface. Convergence
results for the algorithm FPMII are in [11]. Here we shall restrict ourselves to numerical experiments.
5. Numerical experiments
We tested our algorithm on two model problems that involve plane elastic bodies with the Young
modulus E=2:1×105 and the Poisson’s ratio ,=0:3. Their shapes, boundary conditions and applied
surface tractions are seen from Figs. 1 and 2. Both bodies are unilaterally supported by the rigid
foundation
R2− = {(x1; x2) ∈ R2 | x2 6 0}:
The problems were solved for diKerent discretizations that are characterized in the tables below by
the size of the primal algebraic problem n (=dimVh) and by the size q of the dual Hessian, where
q = 2m in the case of the algebraic dual formulation (3) derived from (2) or q = 2p when (P)h;Hm
is used for the derivation of (3). All numerical experiments were carried out for three coe7cients
of friction 
 = 0:3; 1 and 10. The tables compare the number of the iterations of FPMI (the #rst
number) and of FPMII (the second number) in the rows labeled iter for the precision tol = 10−6.
The rows labeled oper characterize the relative e7ciency of FPMII with respect to FPMI measured
by
oper =
opFPMII
opFPMI
× 100%;
where opFPMI and opFPMII are the numbers of Woating point operations of the corresponding algo-
rithms.
The performance of FPMI and FPMII based on the algebraic dual formulation (3) derived from
(2) are summarized in Tables 1 and 2. We can observe a relatively high e7ciency of FPMII
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Fig. 1. Body I.
Fig. 2. Body II.
Table 1
The results for Body I

 n=2m 450=48 850=48 1666=96 3234=96 6402=192
0.3 iter 10=10 10=10 10=10 10=10 9=10
oper 14 14 12 12 13
1 iter 14=23 13=23 13=23 13=23 13=23
oper 25 27 25 25 23
10 iter 6=23 6=22 8=25 7=24 16=30
oper 56 54 42 46 24
for the most common values of the coe7cients of friction. The experiments with 
 = 10 meaning
a “powerful adhesive” are interesting rather from the theoretical than from the practical point of
view. We can see that the behaviour of the #xed point algorithm is considerably diKerent for this
coe7cient and that the algorithm is quite sensitive with respect to the discretization of the contact
interface.
The experiments based on the use of the dual formulation (3) derived from the discretized mixed
variational formulation (P)h;Hm are summarized in Tables 3 and 4. Again we compare FPMI and
FPMII. The reason for the preference of the ratio H=h=3 and 4 is that the Ladyzhenskaja–Babu*ska–
Brezzi condition is satis#ed if H=h ¿ 3 for our particular choice of the spaces Vh; H (see [8]).
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Table 2
The results for Body II

 n=2m 168=24 606=48 1194=60 2298=96 4608=120
0.3 iter 11=11 11=11 11=11 11=11 11=11
oper 16 14 14 13 13
1 iter 21=21 19=15 18=15 18=15 18=16
oper 16 12 12 11 12
10 iter 78=31 4=13 14=12 12=15 48=48
oper 6 49 12 17 14
Table 3
The results for Body I and H=h= 3

 n=2p 450=16 850=16 1666=32 3234=32 6402=64
0.3 iter 10=10 10=11 10=11 10=11 9=11
oper 0.32 0.35 0.25 0.26 0.23
1 iter 14=25 13=27 13=26 13=26 13=26
oper 0.65 0.74 0.51 0.51 0.41
10 iter 6=22 6=22 8=23 7=23 16=26
oper 1.4 1.4 0.76 0.87 0.33
Table 4
The results for Body I and H=h= 4

 n=2p 450=12 850=12 1666=24 3234=24 6402=48
0.3 iter 10=10 10=10 10=11 10=11 9=11
oper 0.13 0.13 0.096 0.097 0.079
1 iter 14=24 13=25 13=24 13=24 13=27
oper 0.27 0.30 0.18 0.18 0.15
10 iter 6=19 6=19 8=27 7=27 16=28
oper 0.49 0.49 0.32 0.36 0.13
We can see that the e7ciency of FPMII is even better just due to the fact that the number of the
dual variables is now smaller than before.
There may be doubts about the e7ciency of the approximation with coarse discretizations of c
as the non-penetration condition is satis#ed in the sense of the integral average only. To show that
it is not necessarily the case, let us denote by uin and 1; in; 2; in the values of the primal and
dual solutions, respectively, computed by means of FPMII using the dual formulation derived from
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Table 5
The errors for Body I and H=h= 3

 n=2p 450=16 850=16 1666=32 3234=32 6402=64
0.3 R 2:2× 10−3 2:3× 10−3 8:7× 10−4 7:4× 10−4 3:6× 10−5
R 1:0× 10−3 2:6× 10−3 4:6× 10−4 1:1× 10−3 2:5× 10−5
1 R 5:9× 10−3 7:1× 10−3 4:8× 10−4 4:7× 10−4 9:2× 10−4
R 9:4× 10−3 1:8× 10−3 7:1× 10−4 9:5× 10−4 6:4× 10−4
10 R 4:8× 10−2 4:5× 10−2 6:0× 10−2 5:8× 10−2 3:0× 10−2
R 3:6× 10−2 2:9× 10−2 5:6× 10−2 5:4× 10−2 2:0× 10−2
Table 6
The errors for Body I and H=h= 4

 n=2p 450=12 850=12 1666=24 3234=24 6402=48
0.3 R 1:3× 10−2 1:3× 10−2 3:1× 10−3 3:1× 10−3 1:5× 10−4
R 6:2× 10−3 1:6× 10−2 1:0× 10−3 2:9× 10−3 8:0× 10−4
1 R 9:6× 10−3 1:3× 10−2 5:0× 10−3 4:8× 10−3 3:8× 10−4
R 1:5× 10−2 1:8× 10−2 9:2× 10−3 7:7× 10−3 1:8× 10−3
10 R 1:1× 10−1 1:1× 10−1 3:9× 10−3 6:2× 10−3 1:4× 10−2
R 1:6× 10−1 1:6× 10−1 1:2× 10−2 1:5× 10−2 8:0× 10−3
(P)h;Hm , and compare these “inexact” values with “exact” values of uex and 1;ex; 2;ex achieved from
(3) by using FPMI. Tables 5 and 6 give the relative errors
R= ‖uex − uin‖=‖uex‖; R = ‖ex − in‖=‖ex‖;
where ex =(1;ex; 

2;ex)
, in =(1; inB; 

2; inB)
 and the symbol ‖ ·‖ stands for the vector Euclidean
norm. Comparing these tables, we can see that the coarse distribution of the dual variables need not
have an adverse eKect on the error in primal and dual variables.
6. Comments and conclusions
We have presented a new implementation of the algorithm for solving contact problems with
Coulomb friction that is based on the realization of a sequence of variational inequalities describing
the reduced problems. The method may be easily generalized to the solution of multibody problems
[3]. The duality approach reduces the problem to a sequence of reasonably conditioned quadratic
programming problems with box constraints that can be solved very e7ciently by the algorithm
proposed in [2]. The method may be further improved by introducing an auxiliary decomposition of
bodies [4] and applying more sophisticated dual spaces [19,18].
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